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4-1a 
• Volume using double integrals 

o 𝑉 = ∬ 𝑓(𝑥, 𝑦) 𝑑𝐴
𝑅

,  where 𝑓(𝑥, 𝑦) ≥ 0 over 𝑅, a rectangular region in ℝ2 

Exercise: 
Calculate the iterated integral. 

• ∫ ∫ (𝑥 + 𝑦)2 𝑑𝑥 𝑑𝑦
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4-1b 

Theorem (statement): 

• Fubini’s Theorem: If 𝑓 is continuous or has a finite number of discontinuities on  

𝑅 = {𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑}, then 

∬ 𝑓(𝑥, 𝑦) 𝑑𝐴
𝑅

= ∫ ∫ 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦
𝑏
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𝑑

𝑐

= ∫ ∫ 𝑓(𝑥, 𝑦) 𝑑𝑦 𝑑𝑥
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• If 𝑓(𝑥, 𝑦) = 𝑔(𝑥)ℎ(𝑦), then  ∫ ∫ 𝑓(𝑥, 𝑦) 𝑑𝐴
𝑏

𝑎

𝑑

𝑐
= ∫ 𝑔(𝑥) 𝑑𝑥

𝑏

𝑎
∫ ℎ(𝑦) 𝑑𝑦
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Exercises: 

4-1c 
• Estimate the volume of the solid that lies below the surface 𝑧 = 1 + 𝑥2 + 3𝑦 and above 

the rectangle 𝑅 = [1, 2] × [0, 3]. Use a Riemann sum with 𝑚 = 𝑛 = 2 and choose the 
sample points to be lower left corners. 
(b) Use the midpoint rule to estimate the volume in part (a) 

• Evaluate the double integral by first identifying it as the volume of a solid. 

∬ (2𝑥 + 1) 𝑑𝐴
𝑅

,  𝑅 = {(𝑥, 𝑦)|0 ≤ 𝑥 ≤ 2, 0 ≤ 𝑦 ≤ 4} 

 

4-1d 
• Calculate the iterated integral. 

∫ ∫
ln 𝑦

𝑥𝑦
 𝑑𝑦 𝑑𝑥
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• Calculate the double integral. 

∬ (𝑦 + 𝑥𝑦−2) 𝑑𝐴
𝑅

,  𝑅 = {(𝑥, 𝑦)|0 ≤ 𝑥 ≤ 2, 1 ≤ 𝑦 ≤ 2} 
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